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Abstract 

The binary quadratic equation represented by the positive pellian y2=12x2+13 is analyzed for its distinct integer solutions. A few 

interesting among the solutions are given. Further, employing the solution of the above hyperbola, parabola and special 

Pythagorean triangle. 
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Introduction 
The binary quadratic equation of the form 122  Dxy where D is non-square positive integer has been studied by various 

mathematicians for its non_trivial integral solutions when D takes different integral values [1-4]. For an extensive review of various 

problems. One many refer [5-20]. In this communication. Yet another interesting hyperpola gives by 1312 22  xy  is considered 

and infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented. 

 

Method of analysis 

The positive bell equation representing hyperbola under consideration is, 

1312
22

 xy         (1) 

The smallest positive integer solution is
1

0
x ,

5
0
y  

The general solution ( ), yx nn

 of (1) is given by 

fy
nn 2

1


 

gx nn 122

1
  

Where, 

])1227()1227[( 11   nn

n
f

 

])1227()1227[( 11   nn

n
g

 
The recurrence relations satisfied by the solutions are given by 

014
321


 xxx nnn
 

014
321



yyy

nnn

 

Some numerical examples of x&y satisfying (1) are given in the table below. 

 
Table 1 

 

S.No xn  
y

n  
0 1 5 

1 17 59 

2 237 821 

3 4012 11477 

4 55931 194288 

 

For the above table, we observe some interesting relations among the solutions which are presented below. 

1. The xn
values are alternatively odd and even 

2. The y
n

 valves are always odd 
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3. Each of the following expressions is a nasty number. 

* 13/]15635430[
2232


 xx nn
 

* 182/]2184492630[
2242


 xx nn
 

* 91/]1092244860[
2232


 xy nn
 

* 1261/]151323412860[
2242


 xy nn

 

* 26/3129852708[
3242


 xx nn
 

* 91/]1092144708[
3222


 xy nn
 

* 13/]1562448708[
3232


 xy nn
 

* 91/]109234128708[
3242


 xy nn
 

* 1261/151321449852[
3222


 xy nn

 

* 91/]109224489852[
4222


 xy nn
 

* 91/]156341289852[
4232


 xy nn
 

* 312/]37441442448[
3222



yy

nn
 

* 4368/]5241614434128[
4222



yy

nn
 

* 312/]3744244834128[
4232



yy

nn
 

 

4. Each of the following expressions is a cubical integer 

* ]17715595[169
123343 xxxx nnnn 

  

* ]612152045[16562
3323343 xyxy nnnn 

  

* ]85321528445[3180242
133353 xyxy nnnn 

  

* ]246317782159[1352
234353 xxxx nnnn 

  

* ]361771259[16562
214333 xyxy nnnn 

  

* ]61224620459[338
225343 xyxy nnnn 

  

* ]8532177284459[16562
234353 xyxy nnnn 

  

* ]36246312821[3180242
315333 xyxy nnnn 

  

* ]6122463204821[16562
325343 xyxy nnnn 

  

* ]8532246328441642[338
335353 xyxy nnnn 

  

* ]6123612204[194688
124333

yyyy
nnnn 

  

* ]3711237[457906176
315333

yyyy
nnnn 

  

* ]61285322042844[194688
325343

yyyy
nnnn 

  

* ]61285322042844[624
325343

yyyy
nnnn 

  

 

5. Relation among the solutions 

* xxx nnn 321
14


  

* yxx nnn 121
27


  

* yxx nnn 221
27


  
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* yxx nnn 321
2977


  

* yxx nnn 131
2897


  

* yxx nnn 231
4


  

* yxx nnn 331
2897


  

* yyx nnn 121
724


  

* yyx nnn 131
97336


  

* yyx nnn 231
97724


  

* xyx nnn 122
22


  

* yxx nnn 132
2797


  

* yxx nnn 232
27


  

* yxx nnn 332
27


  

* yyx nnn 122
724


  

* yyx nnn 122
48


  

* yyx nnn 232
724


  

* xyx nnn 123
7287


  

* yyx nnn 123
79724


  

* yyx nnn 133
97336


  

* yyx nnn 233
724


  

* yyy
nnn 321

14


  

* xxy nnn 133
24977


  

 

Remarkable observation 

i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in the table 1 below 
Table 2 

 

S.No. (X,Y) Hyperbola 

1 )595,17(
1221 xxxx nnnn 

  67612
22
 XY  

2 )8215,2474(
1331 xxxx nnnn 


 

52998412
22
 XY  

3 )40810,2118(
1221 xyyx nnnn 


 

3312412
22
 XY  

4 )568810,21642(
1331 xyyx nnnn 


 

636048412
22
 XY  

5 )1642118,34474(
2333 xxxx nnnn 


 

270412
22
 XY  

6 )24118,3410(
2112 xyyx nnnn 


 

3312412
22
 XY  

7 )408118,34118(
2222 xyyx nnnn 


 

67612
22
 XY  

8 )5688118,341642
2332 xyyx nnnn 


 

3312412
22
 XY  
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9 )241642,47410(
3113 xyyx nnnn 


 

636048412
22
 XY  

10 )4081642,474118(
3223 xyyx nnnn 


 

3312412
22
 XY  

11 )56881642,4741642(
3333 xyyx nnnn 


 

67612
22
 XY  

12 )24408,11810(
2112

yyyy
nnnn 


 

38937612
22
 XY  

13 )245688,164210(
3113

yyyy
nnnn 


 

76317696]12
22
 XY  

14 )4085688,1642118(
3223

yyyy
nnnn 


 

38937612
22
 XY  

 

ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in the table 2 below 
Table 3 

 

S.NO (X,Y) PARABOLA 

1 )595,17(
223221 xxxx nnnn 


 

3381213
2
 XY

 

2 )8215,2474(
224231 xxxx nnnn 


 

66248391
2
 XY

 

3 )40810,2118(
223221 xyyx nnnn 


 

16561291
2
 XY

 

4 )568810,21642(
224231 xyyx nnnn 


 

3180242121261
2
 XY

 

5 )1642118,34474(
324232 xxxx nnnn 


 

676613
2
 XY

 

6 )24118,3410(
322212 xyyx nnnn 


 

165621291
2
 XY

 

7 )408118,34118(
323|222 xyyx nnnn 


 

33881213
2
 XY

 

8 )5688118,341642(
324232 xyyx nnnn 


 

165621291
2
 XY

 

9 )241642,47410(
323213 xyyx nnnn 


 

3180242121261
2
 XY

 

10 )4081642,474118(
42223 xyyx nnnn 


 

165621291
2
 X  

11 )56881642,4741642(
424232 xyyx nnnn 


 

3381213
2
 XY

 

12 )24408,11810(
322212

yyyy
nnnn 


 

1622426
2
 XY

 

13 )245688,164210(
422213

yyyy
nnnn 


 

3179904364
2
 XY

 

14 )4085688,1642118(
423223

yyyy
nnnn 


 

1622426
2
 XY

 

 

iii) Consider m= yx nn 11 
 , xn

n
1

  observe that m>n>0.Treat m, n as the genertors of the Pythagorean triangle 

 ),,( T  
Where, 

pq2 , 

qp
22

 , 

qp
22

  

Then the following relations are observed 

A. 1356    

B. 13
24

7 
p

A
  

C. yx nnp

A

11

2


  

D. 13
12

234 
p

A
  
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Conclusion 
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation 

is 1312
22

 xy . As the binary quadratic Diophantine equation are rich in variety, one may search for the other choices of positive 

pell equation and determine their integer solutions along with suitable properties. 
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