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Abstract

The binary quadratic equation represented by the positive pellian y?=12x?+13 is analyzed for its distinct integer solutions. A few
interesting among the solutions are given. Further, employing the solution of the above hyperbola, parabola and special
Pythagorean triangle.
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Introduction
The binary quadratic equation of the formy? = Dx* +1where D is non-square positive integer has been studied by various

mathematicians for its non_trivial integral solutions when D takes different integral values 4. For an extensive review of various
problems. One many refer 5-2°1. In this communication. Yet another interesting hyperpola gives by y? =12x?+13 is considered
and infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented.

Method of analysis
The positive bell equation representing hyperbola under consideration is,
y =12y’ +137 )

The smallest positive integer solution is X0 = 1, Yo=5
The general solution (X Y) of (1) is given by

1
y.=5 T,
1
=2 9

Where,
f =[7+212)™ +(7-2712)""]
g, =[(7+2V12)"" - (7-2412)"™]

The recurrence relations satisfied by the solutions are given by
Xon =14 X2+ Ko =0

yn+l -14 yn+2 + yn+3 =0

Some numerical examples of x&y satisfying (1) are given in the table below.

Table 1
S.No Xn Y,
0 1 5
1 17 59
2 237 821
3 4012 11477
4 55931 194288

For the above table, we observe some interesting relations among the solutions which are presented below.
1. The Xnvalues are alternatively odd and even

2. The y valves are always odd
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3. Each of the following expressions is a nasty number.
*[30 Xonis — 394 Xonn T 156]/13

*[30x,,,, 4926, ,+2184]/182
*[60y,  —2448, ,+1092]/91
*[60y 34128, ,+15132]/1261
*[708, ,— 9852, ,+312/26
*[108y, 144y, +1092]/91

*[708y, -2448,  —156]/13

*[708y  -34128,  +1092]/91
*[9852y 144y,  +15132/1261
*[9852Yy 2448, ,+1092]/91
*[9852y 34128, ,+156]/91
*[2448Y  -144Y ~ +3744]/312
*[34128Y -144Y  +52416]/4368
*[34128Y ~ -2448Y ~ +3744]/312

4. Each of the following expressions is a cubical integer
*169[5 X3n+4 a 59 X3n+3 +15 Xn+2 _177 Xn+1]

*16562[5 Y™ 204 x,,,, 715y —612 Xanal
*3180242(5Y  -2844x, +15Y 8532y ]
*135259 x, . —821x, ,+177x .—2463% ]
*16562[59 Y. .. -12x,. ., +177 Y .- 36X, .,]
*338[59 Y., ~204X,,.st246Yy —-612x
*16562(59y  -2844y +177Yy -8532) ]
*3180242[821Y 12, +2463y -36x ]
~16562(821y  -204x,  +2463y 612y ]
*3391642Y  -2844x  +2463y 8532 ]
*194688[204 y3n+3 -12 y3n+4 +36 yn+2 +612 yn+l]

n+2]

*457906176[237 y3n+3 - y3n+5 +711 yn+l -3 yn+3]
*194688[2844 Vo™ 204 Yot 8532 Y.~ 612 yn+3]
*624[2844 y3n o 204 y3n .t 8532 yn ,” 612 yn 3]

5. Relation among the solutions
* — —
Xn+1 =14 Xn+2 Xn+3

*7Xn+1:Xn+2_2y
*Xn+1:7Xn+2_2y

n+l

n+2



International Journal of Advanced Educational Research

*7)(n l=97 XM—Z yn+3
97 X1 = Xna = 28Y,
Ko™ Xns™4Y,L,
Ko =9 Xois—28Y
“2Xa=Y. Yo
* 336 Xy = yn+3 -97 yn+1
* 24 Xon = 7 yn+3 -97 yn+2
*2X02=2Y, L, Xou
X2 = " Xos ™2,
*TXn2= Xnis =2 Y.,
Koz = X = 2Y, .,
*2A%02="Y, 7 Yo
*BXn2= Y Yo
A% = Y07 Yo
*7 Xz = 28 yn+2 +7 X
* 24 s = 97 yn+2 -7 yrHl
* 336 X = 97 yn+3 - yn+1
"2 X%05= 1Y, Yo
YT 1YY

*7 yn+3 =97 Xist 24 X

Remarkable observation
i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas
which are presented in the table 1 below

Table 2
S.No. (X,Y) Hyperbola
1 A7 % ..~ X029 X~ 59X,,.0) Y’ -12X =676
2 (474X ., —2X,.59X...— 821X, ) Y’ -12 X * =529984
3 (118x,,-2y 10y -408x ) Y?-12 X *=33124
4 (1642 -2y 10y -5688% ) Y?-12 X * = 6360484
5 (474x ,—34X, 118X ,—1642% ) Y?-12 X *=2704
6 (l0y,,-34y 118y 24y ) Y?’-12 X *=33124
7 (118x,,,-34y 118y -408%, ,) Y -12X*=676
8 le42x, ,-34y 118y 5688 ) Y’ -12 X =33124
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9 (10x,,-474y 1642y 24y ) Y?-12 X * = 6360484
10 (18, ,~474y 1642y 408 ) Y12 X *=33124
11 (1642, ,-474y 1642y -5688% ) Y -12 X’ =676
12 (10 Yy, -118 yn+l,408 y .- 24 ymz) Y -12 X *=389376
13 (l0y -1642y 5688y -24y ) Y *-12 X *=]76317696
14 (118y -1642y 5688y 408y ) Y *-12 X *=389376

ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas

which are presented in the table 2 below

Table 3
S.NO (X,Y) PARABOLA

1 (17 Xiir ™ Xni2?® Xoniz ™ 59 X2n+2) By -12X ©=338

2 (474X .= 2 %05 Xona — 821 X,,.,) 91y -3 X * = 66248

3 (L18y,,~2y 10y -408y, ) 91y —12 X *=1656

4 (1642 ,-2y 10y 5688, ) 1261y —12 X * = 3180242
5 (474X, ,,— 34X, 5118 X,,,,~1642X,, ) 13Y -6 X “=676

6 (10x,,-34y 118y 24y, ) 91y —12 X * =16562
7 (118x,,-34Yy, 118y, —408x, ;) 13y —12 X “=3388

8 (L642x,,,-34y 118y 5688, ) 91y —12 X * =16562
9 (10x,,-474y 1642y -24x, ) 1261y —12 X ° = 3180242
10 (118x,,-474y 1642y -—408x, ) 91-12 X * =16562
11 (1642 ,-474y 1642y ~ -5688%, ) 13Y 12 X * =338
12 (10 yn+2 118 yn+1’408 y2n+2 —24 y2n+3) 26Y - X *=16224
13 (10 yn+3 _1642 yn+1’5688 y2n+2 a y2n+4) 364Y B X i - 3179904
14 (118 yn+3 _1642 yn+2 ’5688 y2n+3 B 408 y2n+4) 26Y B x i - 16224

iii) Consider m= Xout Y 1= Ko observe that m>n>0.Treat m, n as the genertors of the Pythagorean triangle
n+l n+l n+

T(a, B.y)
Where,

a=2pq,
p=p-q"
Y= pz+q2
Then the following relations are observed
A a—-6f4+5r=-13
B. 74-y-2A_13
p

C. 2A_
? = Xoa yn+1

D. 4g-38+2y-22A 13
p
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Conclusion
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation
is y2:12 X +13- As the binary quadratic Diophantine equation are rich in variety, one may search for the other choices of positive

pell equation and determine their integer solutions along with suitable properties.

References

1. Dickson LE. History of theory of Numbers, Chelsa Publishing Company, 1952; 2.

2. Mordel LJ. Diophantine Equations, Academic Press, Newyork, 1969.

3. Telang SJ. Number theory, Tata McGraw Hill Publishing Company Limited, New Delhi, 2000.

4. David Burton M. Elemantary Number Theory, Tata McGraw Hill Publishing Company Limited, New Delhi, 2002.

5. Gopalan MA. Vidhyalakshmi S and Devibala S, On the Diophantine Equation3x®+xy =14 Acta Cinecia Indica, 2007;

e

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

XXX111M(2):645-648.

Gopalan MA, Janaki G. Observation on y? =3x? +1”, Acta Cinecialndica, 2008; XXXIVM(2):693-696.

Gopalan MA, Sangeetha G. A Remarkable Observation ony® =10x*+1, Impact Journal of science and Technology. 2010;
4(1):103-106.

Gopalan MA, Vijayalakshmi R. Observations on the integral solutions of y* =5x®+1. Impact Journal of science and
Technology. 2010; 4(4):125-129.

Gopalan MA, Sivakami B. Observations on the integral solutions of y? = x* +1”, Antartica Journal of Mathematics. 2010;
7(3):291-296.

Gopalan MA, Yamuna RS. Remarkable Observation on the binary quadratic equation y? = (k?+1)x*+1,k € z—{0}. Impact
Journal of science and Technology. 2010; 4(4):61-65.

Gopalan MA, Vijayalakshmi R. Special Pythagorean triangle generated through the integral solutions of the
equation y* = (k? —1)x*> +1. Antartica Journal of Mathematics. 2010; 7(5):503-507.

Gopalan MA, Srividhya G. Relations among M-gonal through the equation y* = 2x* +1. Antartica journal of Mathematics.
2010; 7(3):363-369.

Gopalan MA, Palanikumar R. Observation on y? =12x* +1, Antartica Journal of Mathematics. 2011; 8(2):149-152.

Gopalan MA, vidhyalakshmi S, Usha Rani TR, mallika S. Observation on y? =12x*> —3”. Bessel Journal of math. 2010;
2(3):153-158.

Gopalan MA, Vidhyalakshmi S, Umarani J. Remarkable Observation on the hyperbola, Bulletin of Mathematics and statistics
Research. 2013; 1(1):9-12.

Gopalan MA, Vidhyalakshmi S, Maheshwari D. Observation on the hyperbolay? =30x*+1. International Journal of
Engineering Research. 2013; 1(3):312-314.

Geetha T, Gopalan MA, Vidhyalakshmi S. Observation on the hyperbolay? =72x*+1. Scholars Journal of physics,
Mathematics and statistics. 2014; 1(1):1-3.

Gopalan MA, Sivakami B. Special Pythagorean triangle generated through the integral solutions of the equation
y? = (k% + 2k)x? +1. Diaphantus.J.Math. 2013; 2(1):25-30.

Gopalan MA, Vidhyalakshmi S, Usha Rani TR, Agalya K. Observation on the hyperbola y*> =110x* +1. International Journal
of multidisplinary Research and Development. 2015; 2(3):237-239.

Vidhyalakshmi S, Gopalan MA, Sumithra S, Thiruniraiselvi N. Observation on the hyperbola y® = 60x*+4. JIRT, 2014;
1(11):119-121.



