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Abstract
By Lebesgue Decomposition Theorem for any & —finite measurable space (X,#, #) we prove that if ¥ be any other & —finite

measure on <1 then there exist a unique pair of measures ( ¥o.¥1) such that ¥ = ¥o + ¥1 and ¥o L & and ¥+ < &. The result can be
extended to signed measures also.
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Introduction

A

Definition: Let % be any 7 -algebra on the set X. 9 be a set function defined on ='* s.t.

1) —wm=d <w o and 0
@ ?(¢) =0
3) ?is Countably additive, then 7 is called a Signed Measure on the space (X “4, ﬁ].

and v takes at most one of the values -

Example 1: | o [t any measure and T=—1 then¥isa signed measure.

2. Let A and be any two measures s.t. at least one of them is finite. Take F_A-p Then 9 is a signed measure.
Properties: 1) U s finitly additive.

Proof: o EiEs ...... . be finitly many disjoint measurable sets. And E=Ui=1 ET, Define Ei= @ fori = ™. Then (E)) is a
disjoint sequence of measurable sets, Hence ﬁ(U?:l Ei) = Z?zlﬂ[gi].
(2) If B(E)is finite sng F is a measurable subset of E, then O(F)is finite.

Proof. ¢ _ pUp.p) = F(E) = O(F)+9(E—F) gince ?(E) is finite it follows immediately that #(F) is finite.
(33' v is subtractive i.e. if A = B be the measurable sets, and ﬁ(Bjis finite and then ﬁ(,q - B] = 13(;1) - ﬁ(g]_

Proof: . pUp.g = 9(4) = 9(B)+9(A—B) = 8(4— B) = 8(4) —8(B),

Definition: | o\ pe any measurable set such that (M) —g for every measurable subset M of N. Then N is called a null set
.
of

Remark
1. A measurable sub set of null set is a null set.
2. A countable union of null sets is a null set.

Let {N¢} be any sequence of null sets for ﬁ, write N =

My =Ny, My = Ny—Ny M- NE-(N1UN2:]

n=1 V& and M be any measurable subset of N.
Define

Then {Mk} is a disjoint sequence of Null sets, and Un=s M= Unzy Ny N
MENTM =MON_ N [UZoy M- Uszy [M 0 My
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= d(M)_ X, ((MNM,)_q [As My is a null set]
Proved.

Lemma: Suppose ¥ L Hand ¥ << B then V = 0,

Proof: Since ¥ L &, we can find disjoint measurable sets A and B such that X= A Y B.and ¥ = © on A and ¥ =0 on B.

Let E be any measurable sub set of X, thenE:EnX:En(AUB):(EnA‘] L"(E“Hj
Then ¥ (E) = v (E NA) + v (ENB) _v (ENB) [gecause ¥(E N A) =0y

AsPLENB) = gand ¥ € B wehave ? (ENB) == v (E) =0V peagraple subset Eof X. = ¥ = 0

Note: Above said theorem can also be stated as that Hahn-Decomposition is unique up to null sets.

Definition: Let ¥ be any signed measure and S be any measurable subset of X. if X-S is a null set for ¥. Then we say that ¥ is
supported on S.

Definition: Let 1, ¥z be two signed measures, then there exist a measurable set S s.t. ¥'1 is supported on S and ¥z is supported
on X-S. Then we say that Y1 orthogonal or singular to ¥2 and we write as V1 + V2.
Remark: V1 L Y2 © ¥z L ¥4 therefore we can say that Y1 @4 ¥z are mutually orthogonal.

Lebesgue Decomposition Theorem: Let (X,“‘l, [) be any & ~finite measure space. Let ¥ be any other © —finite measure on

A then there exist a unique pair of measures ( vDJvl) such that
VoV Vg Vo Llang Vi KK

Proof: Define # = M +, then ** is a @ finite measure and it is obvious that # < 4 ang ¥V <4,

Hence by Radon Nikodym Theorem we can find a non-negative measurable functions fandg such that w(E) = fE fda and
v(E) = -rE g di for every measurable set E of X.

Define A={ 0} and B ={ f =0} then A and B are disjointand X = A U,

since f =007 A e get faf di_o=u(d) =,

Define Yo (E) =V (E N A) then Yo is a measure and Yo (B) =¥ (BN Ay =0 VaB)=0

Showsthat Vo L H 1)

Define V1 () =¥ (E N B) then V1 is ameasure and ¥ () = ¥ (E NX) =¥ (En(auB))

=v (ENA), v (ENBy=v )+ V1 (E) for all measurable subsets E of X

ShowsthatV=o ¥+ 2)

To show V1 < H

SUppose-“"(Ej =0~ fEfd.l= 0=F=0 4¢ [’]':| onE, sincef =0 ongNB

= A(ENB) g Because E N B isanull sef]

= v(ENB)ogav 4= U1 (E)=0showsthat¥1 <& (3)
Uniqueness: Suppose we also have ¥ = Yo T 1 where Y02 nd ¥ zre measures on % and Yo L B V1 KU AqH gng ¥
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oo

UX
both are @ -finite there exist a disjoint sequence {Xn}} of measurable sets s.t. X = 1

And  M(Xn) < :ii?(}fn] < w V¥,

T

Yo, %1 + Vo Y1 gre all finite on Xn.

This implies that : :
And on Xn we have v :.vD Ty v : Vg + vy

2Vt vVt vy DUy~ V=V — V3 gpxn

%o, lH v[:,, Lu=vy— vyl -“',Iontheotherhand vy < Hand v, L p |
Therefore ﬂil_ Uy K= B Vg <X - By the above lemma we obtain Yo — Yo =0
= Y= OnXIn:' Ya = Vo on X also.

Similarly ¥1 = %1 on X also. Hence Proved

Lebesgue Decomposition Theorem for signed measures: Let (X,“‘L i) be any 7 -finite measurable space, Let ¥ be any finite
signed measure, then there exist a unique pair (Ya» V1) of finite signed measures s.t. ¥ = Vo T ¥y Vo L g vy K p

+
Proof: Since ¥ is finite it follows that ¥ is a finite measure
* +
Define # = # T ¥ then 4 is a 7 finite mresure and & << 4, v K4,

By Radon Nikodym Theorem we can find a non-negative measurable functions fand g such that w(E) = fsf dd and
v (E)= [ gdd
E for every measurable set E of X.
Define A1 = { = 0} gng By = {f = 0} ypen Ajand B 50 didjoint measurable sets,
x=A1 UB; ,sf =00n ‘qiwehave-'rfl. J\\c'::l‘;{:o:}' u(4y) =

Let E be any measurable set such that H(E) = o which gives fgf di_g=f=0ae[lyg
since f >00nEN B1, we get'q'(E nB)=0= "rEnE'- g t:H':O::' v (ENBy)-g [As"’J+ < 4]
_ + _
Thus we obtain disjoint measurable sets 11 and By gycn that H(A1) = 0,v (EN By) = ¢ whenever #(E) = 0 x=

Ay UBy (1) In the same manner we can find measurable disjoint sets A2 and Bz such that x = A2 Y

B, ,;_;,(,q:] =o, v (ENBy) - gwhenever #(E) =0 )
Define A= 41 Y A2 and B = X- A then A and B are disjoint measurable sets and X = AYB
Define Yo (E) = v(ENA) vy (E) = v(E N B) fo any measurable set E.

As Y is a finite signed measure it is clear that Yo+ Y1 both are signed measures for any measurable sub set E of X
EcgNX_gN(AUB)=(EnA)U (EnB)

=v(E) = v(ENA)+ v(ENB). vy g4 vy ()= V= V4 ¥y

From A = A1 U Az ye get #(A) = p(4y) + p(4;) = p(4) -

Let E be any measurable sub set of B then Yo (E) = v(ENA)-v(¢)= 0

Shows that gl p

To show that ¥1 <= K, assume that H(E) - 0, then from (1) and (2), we get
v*(ENnB,)=0v (EnB,)=0

ENB=EN(A°)=E n[(4, U 4;) = EN[(4)° 0 (4;)5) =N [B1 N B,]

= €N B1) N €N B2) [From (1) and (2)]
=gNB CcgnNbB; gNB Cpn B,

= v (gNBy=g v (N By= o [From (1) and (2)]
= v(ENB).y= »(E)= 0

Shows that ¥'1 <= K,
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Uniqueness: Suppose we also have ¥ = Yo T V1 where voand vy e finite signed measures on <% and Yo L K V1 K i
= x ]

Ux
As Hand Y both are “-finite there exist a disjoint sequence {Xn}} of measurable sets st. X = 1 ™ and u(Xn) < =
v(Xn) <wo ¥,

This implies ¥o alﬂi ’ﬂﬂ:’ Y1 are all finite on Xn. And on Xn we have ¥ = o Tvyv= vp + vy
=vy -Vt VU — V=V — V5 gnXn

vo Lo i:‘I[';. Lu=vy— vyl #, on the other hand ¥1 < Hand v, K p |

therefore ¥1 — V1 KR =1, — Vo << K by the above lemma we obtain Yo — Yo =0

= vy =1 oan]:on”D = Y5 X also.

Similarly ¥1 = %1 on X. Hence Proved
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