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Abstract

To discover and understand the order in nature, symmetry considerations provide an extremely powerful and useful tool. Until
Einstein’s special theory of relativity came into picture, it was considered natural to obtain “conservation principles” from ‘laws of
nature’. Afterwards Emmy Noether with his work concluded by first examining the symmetry considerations that have
conservation principles associated with them, laws of nature are deduced from the underlying connections between conservation
laws and symmetry. Gradually, symmetries have become the backbone of our theoretical formulation of the physical laws. The
important result of the existence of symmetry (or invariance) is that a corresponding conservation is followed. In this paper, we

shall explain this statement and its results, mainly within the framework of contemporary physics.
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Introduction

Symmetry considerations have provided us an extremely
strong and useful tool in our effort to understand nature since
the beginning of physics. They have become the backbone of
our theoretical formulation of physical laws moderately.
Principle of symmetry plays a major role in Physics; it is a
well-known fact. A significant theorem discovered early in
this century by Emmy Noether, the German mathematician
states that “Every conservation principle corresponds to
symmetry in nature”. But, what is meant by “symmetry”?
Generally, symmetry of a specific kind exists when a certain
operation leaves something same (unchanged). For example, a
uniform cylindrical rod is symmetric with respect to reflection
in a mirror; it is also symmetric about a vertical axis because it
can be rotated about that axis without changing in appearance
or any other feature.

The simplest symmetry operation is translation in space,
which means that laws of physics are independent on choice
of origin of our coordinate system. Noether showed that the
invariance of the description of nature to translation in space
results in the conservation of linear momentum. Another
simple symmetry operation is translation in time, which means
that the laws of physics are independent of when we choose
t=0 and this invariance leads to conservation of energy. When
laws of physics don’t depend on the orientation of the
coordinate system in which they are expressed leads to
invariance under rotations in space and hence conservation of
angular momentum.

Gauge transformation is the reason of conservation of electric
charge. Gauge transformations are basically shifts in the zeros
of the scalar and vector electromagnetic potentials VV and A.
(According to electromagnetic theory, the electromagnetic
field can be explained in terms of potentials VV and A instead
of in terms of E and B, where the two are related by vector
calculus formulas:

E=-VVand B=V x A

Both E and B remain unchanged under Gauge transformation
since they are obtained by differentiating the potentials and
hence this leads to charge conservation. Symmetries under
reflection in space and under exchange of particle and
antiparticle correspond to conservation of parity (P) and
charge-conjugation (C), respectively.

The approximate symmetry of up (u) and down (d) quarks
leads to the conservation of isospin, and so forth. If we think
about what symmetry means in such cases as above, we
realize that it refers to a situation in which there exist several
distinguish states that, however, are basically equivalent to
each other with respect to the laws of physics; symmetry
imply that the laws of physics are invariant to the symmetry
operations in which a state is replaced by an equivalent state.
There is a need to differentiate between two equivalent states
in such cases. In Quantum Mechanics such states are
represented by: /X> to /X"> and the quantities used in such
expressions are associated with the conserved quantities, or
quantum numbers. Existence of an arbitrary state /X> would
imply that any equivalent state formed by a symmetry
operation must also be possible, if physical laws possess a
symmetry. An illustration of above is:

An electron with spin with spin component S, = + 7 /2 can be
placed in a magnetic field alongZ, as well as rotated field

along Z’. Both states are possible and the characteristics of
the electron don’t depend on the direction in principle.

Groups of Symmetries

There are four main groups of symmetries that are found to be

useful and important in physics:

a. Permutation Symmetry: Bose-Einstein and Fermi-Dirac
statistics. The interchange of identical particles in a system
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is a type of symmetry operation which leads to
preservation of the character of the wave function of a
system. The wave function may be symmetric under such
as interchange, in which case the particles don’t obey the
exclusion principle and the system follows Bose-Einstein
statistics, or it may be antisymmetric, in which case the
particles obey the exclusion principle and the system
follows Fermi-Dirac statistics.

b. Discrete Symmetry: A discrete symmetry is a symmetry
that describes non-continous changes in a system. These
include space inversion, particle-antiparticle conjugation,
time reversal etc.

¢. Unitary(internal) symmetries: These include:

a) U(l) — symmetries, such as those related to the
conservation of baryon number, lepton number, electric
charge etc.

b) SU(2) (isospin) - symmetry

¢) SU(3) (color) — symmetry

d) SU(n) (flavor) — symmetry

Among these U(1) symmetry and SU(3) (color) — symmetry
are believed to be exact. Rest of them seems to be broken.

d. Continuous Space-time symmetries: These spatial
symmetries are those where a property of the system
doesn’t change with a continuous change in location.
These include translation, rotation, acceleration etc.

Symmetries and Conservation laws; Noether’s Theorem
The assumption that it is impossible to observe certain
fundamental quantities (these are called “non- observable”) is
the root of all symmetry principles.

Let us show the relation among symmetry transformations,
conservation laws and non — observables by simple examples.

Suppose there are two particles at position » and " and the
interaction energy between the two particles is V. Absolute
position is a non-observable this assumption means that we
can arbitrarily choose the origin O from which these position
vectors are drawn; the interaction energy V should be
independent of O. In other words, we can say that V is
invariant under arbitrary space translation, changing O to any
other point O".

=

= rn+dand r, —>r,+d )

As a result, V is a function only of the relative distance |rl —
r2|:

V=vIr-1,]|) @

And we know that for one particle, F=-VvV

So, from this, we deduce that the total momentum of this
system of two particles must be conserved because its rate of
change is equal to the force

F=-(v, +V,)V

which is zero on account of (2).

The interdependence among three aspects of a symmetry

principle:

a. The implied invariance under the connected mathematical
transformation,

b. The physical existence of a non- observable, and

¢. The physical results of a conservation law, which can be
stated as a selection rule are shown with the help of this
example.

Similarly, we may assume the absolute time to be a non-

observable. Then under a time translation, the physical law

must be invariant.

to>t+r

As a result, there is a conservation of energy. We can derive
rotation invariance and hence obtain the conservation law of
angular momentum by assuming the absolute spatial direction
to be non- observable. Similarly, we can derive the symmetry
requirement of Lorentz invariance, and with it the
conservation laws connected with the six generators of
Lorentz group by assuming that absolute (uniform) velocity is
not an observable. Similarly, the foundation of general
relativity rests on the assumption that it is impossible to
differentiate the variations between acceleration and a suitably
arranged gravitation field.

Therefore, invariance under time displacement, translations,
rotations, and Lorentz transformations leads to conservation of
energy, momentum and angular momentum. Besides these
conservation laws, associated with “external” symmetry
transformations that don’t mix fields with different space-
time properties, i.e. transformations that commute with the
space- time components of the wave function.

An electron is described by an array of complex fields (W) as
an example and the corresponding Lagrangian can be written
as:

= I—[Vvua“w - (6"\47)pr]— my y
2 ©))

Under the phase transformation, this Lagrangian (3) is
invariant.

v — ey, where o is a real constant. 4

By noting that, ¥ > ¢ °¥ and ¥ ~ ¢ "V this can be easily
checked.

The U(1) group, also known as unitary Abelian group is
formed by the family of phase transformation

U(o)=e"*, where a single parameter o can have any real
values.

It is recorded that group multiplication is commutative.

U(ou) U(o2) = U(o2) U(ou) (5)
Through Noether’s theorem, it implies the existence of a

conserved current. To observe this, it is sufficient to study the
invariance of o under an infinitesimal U (1) transformation.
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v = (L+io)y. (6)

As we know, it is required that lagrangian remains unchanged
in invariance i.e.

3L =0

oL oL _ oL _ oL
= —dy + 6(8}A\|/)+6\y 7+6(6“\u) —
oy o.v) oy o(0,v)

[
N

= (lay) + (ad, v +..

oy 0((’3“\11) (7)

oL
|\y+i0u3M v+
2(2,w) | [a(apw ]

The term in square brackets becomes zero by virtue of the
Euler-Lagrange equation for v, i.e.

) oL o
ox, (o(awliox,) | ov

(and similarly for ), and so (7) reduces to the form of an
equation for a conserved

(8)

Current:
o j" =0
] ©
Where
L e oL _ aL —
i =; (0 )W_W“(a*) =-eyy y
a(o,v a(o, v , (10)

To match up with the electromagnetic charge current density
of an electron of charge —e, the proportionality factor is
chosen. Because of the U(1) phase invariance, the total charge

-0 3
Q=[idx 1)
Must be a conserved quantity (followed from equation (9).
Thus, the mathematical expression that relates the existence of
conserved charges (Q) and the existence of symmetries has
been obtained - a result that has intense impact in physics. We
summarize these three fundamental aspects for some of the
symmetry principles used in physics in table 1.

Table 1: Summary of fundamental aspects for some of the symmetry principles used in physics

Non-observables

Symmetry transformation

Conservation of Laws or Selection Rules

Absolute right (or absolute left)

r— —r

Parity

Absolute sign of electric charge

e —-e(or v em(J)I)

Charge conjugation

Absolute spatial direction

Rotation f = T’

Angular momentum

Absolute spatial position Space translation ' = T + d Momentum
Absolute time time translation t—t +t Energy
. . . p p .
Difference between different coherent mixture of p and n states (—) —>u (—w Isospin

\n) {n)

Difference between identical particles

Permutation Bose-Einstein or Fermi-Dirac Statistics

iN 0

Relative phase between states of different baryon number N v o e gy Baryon number
Relative phase between states of different charge Q v - e Charge
Relative phase between states of different lepton number L v > e M\V Lepton number

Conclusion

Symmetry considerations provide an extremely powerful and
useful tool in our efforts to discover and understand the order
in nature. This paper has described when a physical system is
invariant under certain transformations and how these
symmetries correspond to a particular conserved quantity. We
have also seen how rotational symmetry and the conservation
of angular momentum are two sides of the same coin and time
translation symmetry and energy conservation are related and
many more symmetries have also been discussed.
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